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respect to m.

Taking as basic bodies with exponents m, = 0.5, my = 0.6, m; = 0.7, £for m, = 0.55 and m, = 0.65
and using formula (4) we obtain, g, = 0.374, f; = 0.758, B, = —0.134 and §; = ~0.121, B, = 0.734, Py = 0.389
respectively.

Curves of the functions (.(A/m) are shown in Fig.l, calculated using the results obtained
in /6/ for a Mach number M, =28, x;y= 1.4 of the oncoming flow, and those calculated using
the method described in /7/ are presented in Fig.2 for bodies of exponential form with a
spherical nose (this deformation does not require a recalculation of B,) for three~dimensional
flow of an ideal gas over a body o = 10°, M_ = 20, y = 1.4. The small circles and dots correspond to re-
calculations using Eq.(3),the solid lines correspond to m, = 0.85, and the dashed lines to m,= 0.35.

It can be seen that the determination of aerodynamic calculations using relations (3)
enables us to obtain estimates of the aerodynamics force components that are very close to the
exact calculations for the supersonic flow of an-ideal gas over a body. This result applies
also to the flow of an equilibrium and non-equilibrium dissociating gas. For actual gas flows
the non-dependence of the coefficients §, on the flow conditions over the body, the angle
of attack and, also, of which aercdynamic force component is considered, is confirmed.
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EQUILIBRIUM IN A CUT ALONG AN ARC OF A CIRCLE IN THE CASE OF
INHOMOGENEOUS INTERACTION OF THE EDGES™

Iu.V. ZHITNIKOV and B.M. TULINOCV

Equilibrium in a cut along the arc of a circle is considered for the case
of biaxial tension~-compression. Under such a stress a free surface forms
along the cut, and a zone of adhesion and mutual displacement appears in
the region of contact when frictional forces are present. A non~-singular
solution is constructed for this case at the boundary of the zone of contact
and free surface, and of the zone of adhesion and mutual displacement.
Earlier, the problems of the free surface as well as the region of contact
were considered in /1-3/ A solution was found in /4/ for a cut along the
arc of a circle in a complex state of stress for the case when the edges
interact at the extension of the cut, taking into account the formation

of the adhesion and displacement zones.

1. Consider a cut along the arc of a unit circle. The equation of the cut in ¥ —Cco-
ordinates is z = cosY, y = sin ¥, ¢y < 8 < By (%, Bo are the coordinates of the cut boundary). We have
at infinity the mutually perpendicular stresses p,¢(p<0,¢>0) and p makes an angle vy with
the Or -axis. We shall describe the stress state using the complex Kolosov~-Muskhelishvili

tentials @ (z), ¥ (s /1/
potentials () G+ 0y = 2 [® (2) + ©* ()} (1.1)

*prikl.Matem.Mekhan.,47,5,874~880,1983.
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o e = ol s - Ly
1

2@ =0 ()— 100 (5) — v (%)

Here x= 3—4v for plane deformation, x = (3 —v)/(1 + v) for the generalized plane state of stress,

v is Poisson's ratio, G is the shear modulus, u and v are the displacement components along
the 0z and Oy axes respectively and o, 05 1, are the stress tensor components in a system
of polar coordinates with origin at the point O. The displacement components in rectangular
and polar coordinate vr, vy Systems are connected by the following relations:

u -+ iv= (v, + ivg) &8 (1.2)
The potentials ® (z), © (z) must be connected by the relation /1/
@ (0) = Q* (o) (1.3)
and the complex potentials have the following asymptotic forms:
lz]—o00, @) =T,¥()=1I",0Q@ =—TI*) (1.4)
P=(@+ AT ==4%0—0®, |p|>|q

We shall assume that only a single region of the free surface appears along the cut, and
we will denote it by Ly, (e.g. at 06—~y an). When there are no frictional forces the
region of mutual displacements (we shall denote it by L) occupies the whole of the cut, while
when there are frictional forces present a zone of mutual shear displacements (denoted by L;)
adjacent, in general, to the zone of adhesion, will be adjacent to the free surface. Since
there are no mutual displacements in the adhesion zone, we shall regard it as a continuum
and specify the shear boundary condition in the domain of mutual displacements.

2. Let us consider the case when there are no frictional forces from the region of cont-
act between the cut edges. In this case the boundary conditions at the cut will be
H=0r—R+0tel, ot=01=1L (2.1)
vt —vm =0t Ly, (t=e® ag<0 <Py
Using the Kolosov-Muskhelishvili relations /1/ and conditions (2.l), we arrive at the follow-
ing conjugation problem:
Ot O — (P + O* )+ Q++ Q- — (Q*++ 0*) =0, ts= L (2.2)
Ot Q-+ Q*t+ O* + QY+ Q-+ Q¥ - Q%= 0, 1= L,
Ot —P-— (R*—-Q)=0,t el

Wt —u )+ i@t — ")) =it[x (@t — O+ Q+ —-Q-), telL
We shall seek a solution of (2.2) in the form /3, 5/
1 t)dt
‘D(z)=Tn—S ?(—)z +T (2.3)
L
i t) dt ™
00 =5 | ALF T - =D ieL
i

where (taking (1.2) and (1.3) into account)

36 (@t —u) 4t @ — v
R e A VRN (2.4)

26
28 = 77 (vg* —vg")

T

. 1 t 1
Do=—2—n—S—-{—=F[ngd6—Sg,d6-’
L La

The integrals in expressions (2.3) are computed as t—t, e L using the Sokhotskii-Plemilj
/6/ formulas. On substituting expressions (2.3) for the complex potentials & (5), Q(s), we £ind
that the last two equations will be satisfied identically and the first equation will be red-
uced to a singular integral equation with a solution of the form /6/
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1=t =id @)z () (2.5)
D D,
AW =P+ L A+ A+ + 5 + C
— B)2
A =T Aﬁ:-“lla-“z—bv Aa=—'—(g"g—b)"‘Ax+By
a4 b (a + b) (a — b)? at+b
A|=—B"T" [ TS 4, Dy= '2'}/;5 Ik,

Dy=—T"*Vab, B=—(Dy+ Dy¥)

Multiplying both sides of (2.5) by f{/t(te< L) and integrating along the cut, we obtain the
relation —
C=—A,+ As*Vab (2.6)
Substituting the expression for the function () (2.4) and using relation (2.6), we
arrive at a differential equation whose solution has the form

h=0,telyh=1,t=l, (2.7)
B4
F, Fy\ X (¢ *
8(9)=(Fxt+Fe+jl+‘71">—§")‘+8+h§31(9)d9
A -+ b atb —
Fi= =%, Fi=F—5—, F=Fogg, Fe=F¥Vad

[} —_
s = — Bfy, f1=%— arcsin(sin (-2— _ Ei-,"'-E')sin“(ﬂ rA u.))
where @, f; denote the unknown boundaries of the free surface and (g, < B).
Substituting (2.3) into the second equation of (2.2), we arrive at a singular integral
equation whose solution, utilizing the Poincare-Bertrand inversion formula /6/, has the form

.BI
. iR (2) i O osmady, i
g1~Sgld9~_—.-;l-(-‘-)-'+s(t)——n-;l-§.‘—— —-—-§adt. te L, (2.8)

fh—1t" nzm
9
My, M
RO =R+ RO+ Rt + R+ =+ + 5 +G

3r’ d d — f)?
R{:—-—Z—, Ry=—R, —;I, R,=——(-—EL)—

e = (2 ) S

R+ B

B, = T (a L b) I’ (3a® 4 2ab +3b%) 3Dy Dg* 9

Y= T Vet % B i T ot

I CENL e R ——

My=— Y M= =, Vdf; =Y (E—ad)(z—1

d= eia:, f= P

Multiplying both sides of (2.8) by {/t(te L,) and integrating over L,, we obtain

— 1
Cl=—R.—R,tVdf——:1‘—Si?-dt+—:[—Ssdt (2.9)
La L
An unknown constant D, appears in (2.7) and (2.8). To detexrmine this constant we note
that the constants ¢ and (; are connected by the relation

c 1 Fy F 1 (¢
C,=—2—+FS(F¢+F¢+—:—+—a‘->z(t)dt+—ﬂ—33dt (2.10)
L

L

Using (2.6), (2.9), (2.10) we obtain
Do = (2%l — 5 k®)/(ll* — kk*) (2.11)
2= 75 (302 + 2ab + 3% @+ N —B(a + H) VBV T —
I* /2(d+f)(a+b) 3(@d—1)*
3@+ n@—m+— (o e
2y _— — —
Q‘:i’-m;—%—?f?—)w/)-q—u(}/d ~V¥iP k=3@d+n~—2Vdf —rr
— 4 - —
l=d+4f—6Vdf —r, r1=—-—n—S-é;fldt+ Vz+Ver
L
In general, expressions (2.8), taking (2.10) and (2.l1l) into account, define a singular
solution at the points (=4, t=f, characterized by the following intensity coefficients /5/:

Kyt = },L“; VZBi—Dila @) K= Jim VZO®—a) e (9§ (2.12)

Since the singular normal stresses at the cut near the boundary of the region of the free
surface will always result in coupling on the compressed section of the crack, we shall




705

construct a non-singular solution at this boundary. By analogy with the criterion used in
/2, 3/ we shall use, as the condition of equilibrium, that the stress intensity coefficients

equal zero R =0 (2.13)

Equation (2.13) determines the unknown boundaries of ‘\'& ,(; K /
the free surface and the contact zone. If both roots AN A5
of the equation are found to lie inside the cut (g, < P \ /
oy < By < Bo)s then the zone of contact touches the Fo~ ™~ 2 -
left and right tip of the initial cut, while if one of ~~ / -
-~
Ve

the roots lies outside the cut, free-surface zone appears,
touching one of the crack tips. Thus Eqg.{2.12) and \ 3 . )
expressions (2.7, (2.8}, (2.10), (2.11) together determine the stress 7 ] 7 ]
state of a solid,weakened by a plane, arc-like cut. P
The figure shows a graph of the stress intensity J P) ]
coefficients K;*, K,-, K,*, K,;~(the solid lines show the ; lz
quantities with the plus index, and the dashed lines [
those with the minus index), at the crack tip and the length of the region of free surface on
the stresses p,¢{p = —5)in the case when the cut is situated in the region a/2<8<na, y=10
(curves 1) and 0<8<n,v=0(curves 2) for p= 04

3. Let us now consider the case when frictional forces exist between the crack edges in
the region of contact. We shall assume that the arc-like cut is situated in a region, along
which we have a single region of mutual displacements along which the shear stresses do not
change their sign {e.g. a/2< 86—y <=z} In this case the boundary conditions have the form

Treizpo'rt,r—.ﬁio tEL,,G-,- = ), te L, (3.1)
st—om =01 Ly t=¢9 a, <o, <O P, By

where p=-pn, 4 is the coefficient of friction and the plus or minus sign in determined by
the direction of shear stresses appearing at the cut site in the solid (e.g. when 28 —y<
n, we have 1 5= = pe, ¥, and for0 € 8 — y < n/2we have t,0* = —po,¥), a,, B; -are so far unknown boundar-
ies of the region of mutual displacements.
Using relations (l.1) and (3.1), we arrive at the following conjugate problem:

@+ O+ T @O p— D+ R+ ) p+ )+ (3.2}
@*+eMp—n=0tal

O+ DL QW+ Ot L QM L O L Qv+ Q- =0, tem Ly

P+ — Q- — ) =0, 1€ L

26 [(u'* — w'=) A i (' — ') = it (kD = D)+ (@ — Q7)) re L

We seek the solution of (3.2) in the form (2.3). Substituting the latter into the first
eguation of (3,2) we obtain the following singular equation /6/:
S ne+i)+w*p—

e
— di=mp(t), p(2) =—I:£r(p+i) + DB (p—i) —4lp 4 Dof3p — i} + D (p — i)
L

The solution of this eguation has the form /6/

2) p () di Ci
np+i)+np—i)=— ﬂ-‘l'(‘u) S 3()}’() +x(‘°) (3.3)

c=0— ip)g'n‘dt, 2@ =VE—a C—8), a= % p= b

Computing the integral on the right-hand side of (3.3), we obtain

nE+9+mie—in=1i-SE- (3.4)
A(t)zAll'+Aztg+Aei+A¢+C+'q}‘+%
N R N Ny = A (L) 2 R
B = Dy(3p— i) + Dy (p— i) + 4Tp, A,m_Ba'gb - ‘“+b)12°“b)’ Ay, Dym— ApVah, Dy= — A Vb
An expression for C is obtained in the same way as (2.6)
C= A, —As* Vb {3.5)

Substituting the expression for the function % () into (3,4) and using (3.5), we arrive at a
differential equation whose solution has the form

h=0telyh=1tel, {3.6)
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B
L ‘)if(")'“f"’(‘)-i-kfpeg(xx—vﬂ')e"ﬂde

_idy 14, (a + 8) Pt Fox
i=%Fm B=Tprm » Beyx feva

g(t)=,¢e§_=i'1ﬂgg.;5y_ o

1#
Vab
where o, f; are the boundaries of the free surface. Substituting expression (2.3) into

the second equation of (3.2) and using the solution (3.6), we arrive at a singular integral
equation whose solution, like (2.8), has the form

Rymidy~abFs(p+9) + Pala+b) (p+ )~ Fop, Ko

fa
, , iR (8) i 218 diy
!x--r9°§eoo((x—wx)den—zl-(—t}—+s(t)'“m§}!_(;;":}j, tel, R{t)=RP+ Ryt 4 Ry~ (3.7
M '
ROV + 2+ B R

d d —
Rz=—5'1"'g;l‘, Rsm"‘Rxl—gQ—H{—El.

4 — f a
R,=(—R i—g-’l—g,)«i'l, My = — RAV T,

I+t I'(p—i) Gott2ab st 3Dy D
By = — ]
! daby ab (p — 20) ] - — =g+

Mo=—RpVdf, 21(@)=VY =@ z~N. d=eP, j= 0

In determining the constant D, we note that ¢ and (; are connected by the relation

. C 1 F F,
Ll=~m+-§;§(ﬂt+h+*;’-+T;)z(t)dt+%s\vdt (3.8)
Using {3.5),(3.6) and (3.8) we obtain

= (5% — 3, k*)(U* — kk*) (3.9

_ M s@n@—m (i B(p—(a-+b)VabVdf 3(atb)(a—byp
w= (-~ P Fz) B2+ @+ + ®F2n e ra e B

rw( 2a+0)@d+NP+i) 3d— P (ptf) (a2 ) o (e —brlp+ie )+

3 wVabp—2)  (p—2Vardr | e—% af ab Vab (p— i) (p — 2i)

- - Ty ~¥Ybp 1
YT -V + PfV:—-iV ! +~;;S (6 + 206 e

L
k~3(d+f)-—-2]/’d! (3') (a+b)+-g—w+ql

H
2(3P+ ) V-

:_d+f 6 Vif + ———— (e +8) -+ Qs

9t - b)3 i
slne"°§ TR Gl=—-£-(£-§-—)—A‘-—abF1(p+i) -}-F,(a+b)(p+—%—)-—-l",p,

Q1=iS (ﬂx{39~i)-:c;*(?+i)) 2y dt. ng_is (51(9--i)~—:(39+‘)¢x') () dt

Le

The expressions (3.6), (3.7), (3.9) determine, in general, the singular solution at the point § =
B, 8 = 1y, 8 = By, 8 = a,, characterized by the stress intensity coefficients /5/

Ky = &w’ TO—aje B, K= g_m;vf'—'z(e—i"‘aamf @1 (3.10)
= lim VI —0) & (0) ], K= lim VZP:—0){a (0)|
Bl Befle

The boundary of the free surface and regicn of contact are defined by the equation {2.13)
Since the singular shear stresses at the cut in the neighbourhood of the boundaxy of the
region of mutual displacements will always result in coupling of the compressed segment of
the crack, therefore we construct a non-singular solution at the boundary separating the
adhesion zone from the mutual displacement zone. As in /4/, the condition of equilibrium
will be obtained by equating to zero the stress intensity coefficients

A@p=20 {3.11)
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Equation (3.11l), taking (3.5) into account, gives the unknown boundaries of the adhesion
and mutual displacement zones. If both roots of this equation lie within the cut (p <
a, < B; < Bo), then the solution constructed will be singular in the neighbourhood of one tip,
and the adhesion zone will be in contact with the other tip.

As an example, consider a cut situated in the region a<0<n/2, y=0. In this case we

have p=p in Eq.(3.1). The figure shows the relation connecting the stress intensity coe-
fficients and the length of the free surface domain with the stress (the solid and dashed
lines correspond to the right and left crack tip respectively) when p=04, p=—10, I, =B —

a, I, =B, —a, (curves 3).
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